The goal of this paper is to give an Ulam-Hyers stability result for a parabolic partial differential equation. Here we present two types of Ulam stability: Ulam-Hyers stability and generalized Ulam-Hyers-Rassias stability. Some examples are given, one of them being the Black-Scholes equation.
2.1 and generalized Ulam-Hyers-Rassias stability as in Definition 2.3 which are two distinguishable types of stability. More precisely we will consider the following equation:
, R) , f analytic. We mention that for this equation we will study Ulam-Hyers stability (see Theorem 3.1) and generalized Ulam-Hyers-Rassias stability (see Theorem 4.1) We will apply the theoretical results to the stability of the Black-Scholes equation. The Black-Scholes equation was introduced as a model for financial mathematics. It describes the option price movement and is one of the most important concepts in modern financial theory. In 1973, Black and Scholes published what has come to be known as the Black-Scholes formula [29] . Thousands of traders and investors now use this formula every day to value stock options in markets throughout the world. Robert Merton devised another method to derive the formula that turned out to have very wide applicability; he also generalized the formula in many directions.
The Royal Swedish Academy of Sciences has decided to award the Bank of Sweden Prize in Economic Sciences in Memory of Alfred Nobel, 1997, to Robert C. Merton and Myron S. Scholes for a new method to determine the value of derivatives. Robert C. Merton and Myron S. Scholes have, in collaboration with the late Fischer Black, developed a pioneering formula for the valuation of stock options. Their methodology has paved the way for economic valuations in many areas. It has also generated new types of financial instruments and facilitated more efficient risk management in society. In a modern market economy it is essential that firms and households are able to select an appropriate level of risk in their transactions. This takes place on financial markets which redistribute risks towards those agents who are willing and able to assume them. Markets for options and other so-called derivatives are important in the sense that agents who anticipate future revenues or payments can ensure a profit above a certain level or insure themselves against a loss above a certain level. Robert Merton and Myron Scholes, developed this method in close collaboration with Fischer Black, who died in 1995. These three scholars worked on the same problem: option valuation.
Ulam stability
Let a, b ∈ (0, ∞) , ε > 0 and φ ∈ C ((−a, a) × (−b, b) , R+). We consider the following inequalities
Definition 2.1. The equation (1.1) is local analytic Ulam-Hyers stable at (0, 0) if there exists a real number c f > 0 such that for each ε > 0 and for each analytic solution v of (2.1) there exists an analytic solution u of (1.1) in a neighborhood V of (0, 0) with:
Definition 2.2. The equation (1.1) is local analytic Ulam-Hyers-Rassias stable with respect to φ at (0, 0) if there exists a real number c f ,φ > 0 such that for each ε > 0 and for each analytic solution v of (2.3) there exists an analytic solution u of (1.1) in a neighborhood V of (0, 0) with:
Definition 2.3. The equation (1.1) is generalized local analytic Ulam-Hyers-Rassias stable with respect to φ at (0, 0) if there exists a real number c f ,φ > 0 such that for each analytic solution v of (2.2) there exists an analytic solution u of (1.1) in a neighborhood V of (0, 0) with:
Remark 2.4.
If v is a solution to the inequality (2.1), then v is a solution to the following integral inequality
In a similar way we have the following result.
Remark 2.5.
If v is a solution to the inequality (2.2), then v is a solution to the following integral inequality
Remark 2.6. If v is a solution to the inequality (2.3), then v is a solution to the following integral inequality
Ulam-Hyers stability of equation (1.1)
The first result of this paper is the following.
Theorem 3.1. We suppose that Proof. (a) This is a known consequence from existence and uniqueness theorems (Cauchy-Kovalevskaia theorem [30] ). (b) Let v be an analytic solution to the inequality (2.1). Denote by u the unique analytic solution in a neighborhood V of (0, 0) to the equation (1.1) which satisfies the conditions
From Remark 2.4 and condition (iii) we have that
From Gronwall lemma (see [31] , p. 6) we have
where c f = a 2 e L f a 2 . So, the equation (1.1) is local Ulam-Hyers stable at (0, 0).
Generalized Ulam-Hyers-Rassias stability of equation (1.1)
In what follows we consider the equation (1.1) and the inequality (2.2). Theorem 4.1. We suppose that
for all x ∈ (−a, a) , t ∈ (−b, b) and u 1 , u 2 , p 1 , p 2 , q 1 , q 2 ∈ R; (iv) there exists λφ > 0 such that Then the equation (1.1) is generalized local analytic Ulam-Hyers-Rassias stable with respect to φ at (0, 0).
Proof.
Let v be an analytic solution to the inequality (2.2). Using the Cauchy-Kovalevskaia theorem, we denote by u the unique analytic solution in a neighborhood V of (0, 0) to the equation (1.1) which satisfies the conditions
We have
From the above relations we have
From Gronwall lemma (see [31] , p. 6) it follows
where c f ,φ = λφ M. So, the equation (1.1) is generalized local analytic Ulam-Hyers-Rassias stable with respect to φ at (0, 0).
Applications
Example 5.1. We consider the parabolic partial differential equation
This equation is local analytic Ulam-Hyers stable at (0, 0).
Indeed, we apply Theorem 3.1 with
This function is analytic. We also have 
where v (s, t) represents the price of the derivative financial product. The independent variables (s, t) are the share price underlying assets and time, respectively. The constants σ and r are the volatility of the underlying asset and the risk-free interest rate, respectively. This equation is of parabolic type. By the conditions of Theorem 4.1, the Black-Scholes equation is generalized local analytic Ulam-Hyers-Rassias stable at (x0, t 0) , x 0 ∈ (s1, s 2) , t 0 ∈ (t1, t 2) .
Indeed, we have f (s, t, v (s, t) , vs (s, t) , v t (s, t)) = 2
]︁ which is analytic on Ω, if s > 0. We can translate the point (0, 0) from Theorem 4.1 into (x0, t 0) . Using Cauchy-Kovalevskaia theorem at (x0, t 0) and a similar proof to the proof of Theorem 4.1, if the conditions of Theorem 4.1 are satisfied on Ω, we deduce that the Black-Scholes equation is generalized local analytic Ulam-Hyers-Rassias stable at (x0, t 0) .
